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AHHOTAIUSA

B nmaHHOW crathe Hcciemyercss KpaeBas 3ajadya Il CUCTEMbl Harpy>KEHHBIX
nuddepeHIMaTbHBIX ypaBHEHUN MNapa0OIUYecKoro THIA, KOTOpas OINUCHIBACT JIBXKEHUE
MOJI3EMHBIX BOJ B TPEXCIOWHOM TIJIACTE, COCTOSIIEM M3 ABYX CIa0OMPOHUIIAEMBIX CIIOEB,
COCMHEHHBIX XOPOIIO MPOHUIAEMBIM cJoeM. HaljeHbl yClIoBUSA CYIIECTBOBAHUS U
€IMHCTBEHHOCTH PEIIEHUS paccMaTpUBaeMO 3a1aun. Pe3ynbrat MOKeT ObITh UCTIOIB30BaH MPH
pEeLIEHNH PUKJIAIHBIX 33/1a4, HAIlPUMED, 3a]1a4 IIPOTHO3a U PErYJIMPOBAHUS YPOBHS I'PYHTOBBIX
BOJI HA MEJIMOPUPYEMOU TEPPUTOPUHU. 3a/1aud MPOTHO3A U PETYJIUPOBAHUS YPOBHS IPYHTOBBIX
BOJl, COJEpKaHWS BJIark W COJM B TIOYBE TPYHTAX HA MEIUOPUPYEMOUW TEPPUTOPHUH,
MOJICIUPOBAHNE PA3TUYHBIX OHOJOTUYECKHX TMPOIIECCOB W SIBIIGHUM MPUBOIAT K KIIAcCy
muddepeHIManbHbIX W HUHTErpo-auddepeHuanbHbIX  YpaBHEHUH, MOMYYUBIINE Ha3BaHUE
Harpy>K€HHBIX YPaBHEHUN.
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KuroueBrble ciioBa
KpaeBas 3amauya, maremaruyeckas MoJenb, cucreMa audQepeHnnanbHbIX ypaBHEHHH,
muddepeHnanbHble ypaBHEHUS IPOOHOT0 MOPSIKa, IPOU3BOAHAS APOOHOTO MOPsIIKA B CMBICIIE
Pumana-JInyswns, auddepeHnnanbHpie ypaBHEHUsT ¢ YaCTHBIMU IPOW3BOJHBIMH, HHTEIPO-
muddepeHranbHbIe ypaBHEHHs, (GMIBTPALUs TPYHTOBBIX BOJI, BOJOHOCHBIE TOPU30HTHI.

Beenenue

Harpyxennble ypaBHEHUS BO3HHKAIOT B TEOPUH OOpPATHBIX 3a/a4 MU MaTEeMaTH4ECKOH Teopuu
ONTUMAaJBHBIX IpoueccoB. [loaToMy HccnenoBaHue KpaeBbIX 3alad Uil YpPaBHEHUH C YaCTHBIMHU
IIPOU3BOJHBIMM, U, B YaCTHOCTH, IJIA JIOKAJIBHO M HEJIOKAJIbHO HATPY>KEHHBIX YPaBHEHUN BTOPOIO
nopsAJKa MapaboJIMYECKOr0 THMA MPEACTABIAIOT 3HAUUTENbHBIA, B TOM 4YHCIE IKOHOMUYECKUH
uHTepec. B wactHOCTH, 3a1a4M, CBSI3aHHBIE C IPOIECCOM (MIBTPALNHU MOJI3EMHBIX BOJI, OTHOCSTCS K
KpaeBbIM 3a7auaMm i1 AuddepeHnnanbHbIX ypaBHEHUH B OCHOBHOM Mapa0oInyecKoro Tuma. B ciydae
CJIO’)KHOTO CTPOEHUSI BOJOHOCHOM TOJIIIM pacueTHas cxXema IpeACTaBiseTcs B Buae Habopa CIIOeB,
MAaT€MaTHYECKOW MOJEIBI0 KOTOPOM SABJISIETCS CUCTEMa JIBYMEpPHBIX YPAaBHEHMI, IIOCKOJIBKY
BOJIOHOCHBIE TOPU30HTHI B CII0’KHOW TOJIIE UMEIOT, KaK IIPaBUIIO, HE COBIAAAOLIUE JAPYT C APYIOM
HaIlOPBL.

OcHoBHOE coaep:xaHune

[Tpeamnonaraercs, 4TO B XOPOLIO MPOBOJAIINX CIOAX UMEET MECTO FTOPU3OHTANIbHAS (QUIIBTpaLuS,
a BepTUKaJIbHAasI, 00yCJIaBINBAIOIIAs IEPETOK MEXKAY MIACTaMU, TPOMCXOAUT B IIPOCIIONAX.

PaccmoTpuM nBMKEHHME TIOA3EMHBIX BOJ B TPEXCIOWMHOM IIIACTE, COCTOSIIEM U3 JBYX
CJ1Ia0ONPOHMIIAEMBIX CJIOEB, COEAMHEHHBIX XOPOLIO MPOHUIAEMBIM CJIOEM, OMHUCHIBAEMOE CHUCTEMOM
HarpyXeHHbIX AuddepeHnalbHbIX YpaBHEHUH apaboIMyecKoro TUIIa.

3agaua M. Haiitu perynspHoe B o0nactu

0<y<y;
D = {f(x,y,1): 0 < x < X, 0<yt<}t,z} (1)
pererre U(X,y,t) ypaBHeHUS
Uyy' Y2 < y < Y1,
U . _ .
E = UXX + bl(XI YP t) }llﬁr}g Uy bZ(XF Y; t) }IIITI}}} Uy ) Y1 < y < y2; (2)
Uyy, 0 <y <y,

[Npenamonaraercs, 4to 3amaHHble GyHKIUU by (X,y,t),b,(X,y,t) HempepbiBHBI B D™, J0KanbHO
HenpepbIBHBI 110 ['enbaepy no x B uHTepBaie 0 < X < X, pABHOMEPHO OTHOCHUTENBHO Y, t.

D}y, (t)- npoGubiii uuTerpan nopsiaxka (—p), mpu p < 0 1 ApoGHAs IPOU3BOHAS OPSKA |, TIPH
0 < p <1, paBHbIit

Mixed problem for a model locally...
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1 x @(bdt
(F(—u) Iy oo k<0,

D@ (x) = (), =0, €)
Db 000, e

Onpenenenne. PerynspueiM pemeHueMm ypaBHeHus (1) B obmactu D HazoBem ¢yHkumio U =
U(x,y,t) co ciIeayromuMu CBOWCTBAMHU
U nenpepeira B D¥,D_uD,;

DOyHKIMH
Ut(x,y,,t) = limU(x,y,t), (@)
yly1
UT(%y2t) = limU(x,y,1) 5)
yTy2

UMEIOT 110 NTepeMEHHOH t JpoOHYI0 MPOU3BOAHYIO MOPAJKA 2 ¢ HayanoM B Touke t = 0;

®ynxuuu Uy (%, y1, t) 1 Uy (X, y,, t) HenpepbiBHbL B (), T0KaNbHO HEMpPepPBIBHBI 110 I'eNbepy Mo X B
unrepBaie 0 < X < Xy paBHOMEPHO 10 t;

®ynkuun U B o6actu D_ umeer HenpepbiBabie npoussoaubie Uy, Uy, Uyy, a B o6mactax D u D™
- HeNpepbIBHbIE MPOou3BoHbIE Uy, Uy, Uyy;

Oynkuus U B obmactm D 3a uckimodeHWEM IIOCKocTe y =y, 1= 1,2, yaoBieTBopsieT
ypaBHeHuo (1).

Teopema. Ilyctp cymiectByer peryispHoe perieHue 3amaun M. Torma, eciu B(x,t) #0 u

Bl(X, t) #0,V(x,t) € [0, XO] x [0, XO], TO QYHKIHH
Vg (X' t) = Uy(X' YZ't)'UZ (X' t) = Uy(Xr Y1, t) (6)

ABIIAIOTCS PEIICHUSIMU CUCTEMbBI MHTETPAJIbHBIX ypaBHEHUH THIIa BoabsTeppa BToporo poza.
JlokaszareabcrBo. [IpunnMas Bo BHuMaHue cBoiictBa ¢yukiumu G*(x,t; € 1) nepsoit kpaesoii
3anauw (2),(3) ans ypaBHEHUs

Ut = Uxx
HETPYJIHO BUJETh, YTO
Ur(xy, ) =Ug(xy, 0 + Ay, &y, b), 7

W3 cootromenus (7) mpuy Ty, uy | y; COOTBETCTBEHHO HMEEM

U+(X! YZ! t) = fot dT] f(;(o[b1(§ YZ' n)V1(E’ n) - _bZ (E' YZ' T])Vz (E’ n)]G+(Xr t; Ef n)dz + +f(X, t), (8)
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U+(X, Y1' t) = f(;c dn f(;(o [bl(gi Y1i T])V1 (Ei T]) - _bZ(E! YI! T])Vz (E' T])]G+ (X' t; E' n)dz + +f1 (Xr t), (9)

rae fT(x,t) = Ud(x,y,,0),fF (x,t) = UF (x,y1,0).
Ha ocnoBanuu cBoiictB pyukimu I'puna G~ (y,t; 1), G_(y, t; &, 1) 3akarouaeM, 910 pelieHue
U~ (x,y,1),U_(x,y,t) B obnactsax D* u D, npencraBieHsl COOTBETCTBEHHO B BUJIE

t Y3
U_(X' y' t) = f VI(X' n)G(YZ; t; E' T])dﬂ + f T(E! Y) G_(yr t; Er O)dz
0 0

Y1

t
UGy [ PG (6 0,mdn + [ 1) X X G- (565 0)d
0

0
t

— fvz(x,n) G_(y, t; y;, dn.
0

Otciomanpuy Ty, uy | y; COOTBETCTBEHHO, HAXOIUM

_ t _ _
U (X' YZ;t) = fO Vl (X'TI)G (YZ't; YZf T])dT] + F (X, t), (10)
t
U_(xy,t) = [;v2 5 MG_(y1, Gy, n)dn + F_(x,1), (11)
rac
Y3 t

Fr(xt) = j (€ y2)G ™ (y2, 8 0)dE — f Y(x,n)Gg (y2, tys,mdn,
0 0

y

t
F(x0) = f W, (x,1)G (1, 0,m)dn — f (& y1)Gr (y1, 6 & 0)dE,
0 0

Cornacho ycnoBusM (5), (6) u3 coornomenuit (8), (9), (10), (11), nomydaem

X0

j dn j (b (& y1, VL (& 1) — ba (& y1, MV (& MG (x,t £ m)dE + j (% 0) =
0 0 1

t

= a(x,0) f V2 (oG- (¥, t v, mdn + F_(x, )| +

0

Mixed problem for a model locally...
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t
1

+B(x DZ, f v (MG (y1, 6 Y1, + F- (o) | + v(x, 0,
0

X0

[ an [ 12 Gyomvaem = b Gy v GIG 6 Emds + [ 0 =

t

= (x,1) fvl(x,n)G‘(YZ.t; y2,n)dn + F7(x, )| +
0

t
1
+B1(x,t)DZ, [] vi xMG (¥, Gyz,mdn + FT(x, )|+ v1(x 1),
0

Hccnenyem moBezieHue, B CMbICIIE MIaAKOCTH, siapa K(x, 1) unterpansaoro ypasuenus (12). s
3TOr0 3aMETUM, YTO MObIHTErpasIbHAs QYHKIUS TP t — 1) oOpalaeTcsi B 0ECKOHEUHOCTh MOPsAKA 2,
anpu t - 0 — orpaHuycHa.

U3 Buna ¢pyukmu G~ (Yo, t; Vo, 1) HETPYAHO YCMOTPETH, 4T0 OHA HemnpepbiBHa [0,y,] X [0,t,]. B
caMoM Jiene, iepBoe ciaraemoe B rpenacraieHuu G~ (Yo, t; yo, 1) mpu t — 1) oOpaiaercs B 00 Hopsiaka
Y2 , a BTOpOE cllaraeMoe CTPEMHUTCS K HYJTIO pH t = 1.

Takum obpaszom, ecnu a(x,t) u B(x,t) HenpepbiBHbIe QyHKIUH, TO s1aApo K(X,t) HenpepbiBHO B
[0, XO] .

AHAJIOTHYHO HCCIEIYyeTCsl MOBEJCHHE B CMBICIE TIAJKOCTH MPaBOMl YacTH HMHTErpajbHOrO
ypaBHEHHUSI.

PaccmoTtpuM BeIpakeHune

t n
1 1 0 dn _
D(Z,tf(X, t) = e T | YoxM1)Gg (yo,m; 0,m1)dn +
0 0

1 —
r(z)% -
t Yo
1 0 d_n B
o 17| TEY0)G (yo,m; 8 0)dE = Yz + Y3,
r 7) o (t—m)2p
1 _(Y_E)Z
C yquOM, e G_(Y’ t; E’ n) =T 1 e t=m) + g_(YF t; EI n)a rac
2v/m(t-n)2
1 GHio2y)?  _GEoayg? (D2 _+E-ayom)?
g (y, &) =——je 4tm  —e 4 —e 4w L 4 YO e 4t —
2V (t-n)z
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e 4(t-m) +e 4(t-m) — e 4(t-m)

(y+E—4ygn)? (y+E—2yg—4ygn)? (y+E—2yO—4yOn)zl}

ITPUX HAZ 3HAKOM CyMMBI O3Ha4aeT, 4To N + 0, 3allMIIcM

n

Yz(X,t)_ZF(l/z)atf(t )1,2f ¥ (%, nl)( n1)3/2

__ 6 1 d n
4(Mm-n1) — 'Y - i
xe JTwdn + o2 Ot,[ (t—n)l/zf o(x Mg (n.ny)dn,
0 0

[Ipu t - 1 0ocoOeHHOCTh B MOABIHTETPAIBHOM BBIPAKEHUU HHTErpupyemasi, a mpu 1 — 1y,
1 X
byHKIUSA ze *(M-n1) ctpeMuTcs K HyN0. Bropoe cnaraemoe Beiet cedst He XyxkKe, YeM IepBoe.
MMz

Takum oOpazom

Lt = flpo(x N1)Gg, (Yo, m; 0,m1)dny,

1
]

T7I€ OYEBUIHO, PYHKIIUS Ge, (yo,M; 0,11) sABAseTCS HeNpephIBHOM (yHKIMEH B (.

CrenoBarenbHo, eciu Wy (x,t)- Gpynkius HenpepsiBHas, To Ys(X,t) € C(Q). HerpyaHo BuzeTs,
uto 1 Y3(%,t) € C(Q).

o (Yo=8)?

f Ey)e M e

2r(1/2)f (t— n);n3

2z _o-9?
o SE) R

YroOBl OIIEHUTH IIEPBOE CllaraeéMoO€ DTOro paBeHcTBa, (yHkmmoo W (§1) =
nz
3aIIMIIEM B BHJIE.

_C 0 E)Z
o (En) =n""(yo - O l(}’o )" l S :

Mixed problem for a model locally...
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Torna, eciu T(&,y,) — Gyukuus HenpepsiBHas 1o ['énpaepy (¢ mokaszarenem [3) u yuntsisas (13),
MOJTy9HUM, YTO

Yo y
B const dg const
| o @k ~ Ty ds = T [ < T
0 0
B
ean1—5< n<l.

Taxk kak g~ (§,1) — dynxuus roaaxas, a t(§ y,) — HenpepbiBHas GyHKIHA B {, TO OYEBUJIHO, YTO
Y;(x,t) € C(Q).

Bce ocranpHble nHTErpansl B ipaBoi yacTy (12) ucciieyroTcst COBEpILIEHHO aHaJIOTMYHO.

CnenoatenbHo, F(x,t) € C(Q).

O siape K;(X,t) MOXHO cKa3aTh, 4TO OHO UMEET OCOOCHHOCTh mpu X = & u t = 1. OxHako 3Ta
0COOCHHOCTH MHTETpHpyemMas [3].

W3 ycTaHOBJIEHHBIX CBOMCTB sIEp U MIPaBOW 4acTU MHTETpasIbHOTrO ypaBHeHUs (12) 3akirouaem,
yt0 eciu B(x,t) # 0 u B1(x,t) # 0, To (12) oHO3HAYHO pa3pemuMo u ero pemienue v(x,t) € C(Q).

Jlerko mokaszate u3 suga (12), uro v(x,t) € H(Q), roe H(Q) — mpocrpancrtBo (yHKIMIA,
yJIOBJIETBOPSIOIINX yclIOBHIO [ €baepa ¢ mokaszaresnem f3.

3akioueHue

CrnenoBartenbHO, pelIeHue 3a7aul A ypaBHEHHs B oOsacT D 0lHO3HAYHO pa3peuirmo, eciu
B(x,t) # 0, B1(x,t) # 0. Pe3ynprar MOKeT OBITH HCIOJB30BAH TPH PEIICHUH MPUKIAIHBIX 3a/1ad,
HampuMmep, 3aJad IPOrHO3a W PEryJupoBaHMsS YPOBHS TIPYHTOBBIX BOJ Ha MEIMOpUPYEMOM
TEPPUTOPUU. 3a1a4H IPOTHO3a U PEryJIUPOBAHUS YPOBHS IT'PYHTOBBIX BOJI, COJIEPKAHUS BJIark U COJU
B IIOYBE IPyHTaX Ha MEIUMOPUPYEMOU TEPPUTOPUHU, MOJCIUPOBAHHME PA3IMYHBIX OMOIOIMUYECKUX
MIPOLIECCOB U SBJIEHUH MPUBOAAT K Kiaccy auddepeHIHaNbHbIX U HHTErpo-aud@epeHuanbHbIX
YpaBHEHM, MOTY4MBIINE HA3BaHUE HATPY>KECHHBIX YPaBHEHUH.
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Abstract

In this paper, we study a boundary value problem for a system of loaded differential equations
of the parabolic type, which describes the motion of underground water in a three-layer reservoir
consisting of two weakly permeable layers connected by a well-permeable layer. The conditions for
the existence and uniqueness of the solution of the problem under consideration are found. The result
can be used in solving applied problems, for example, problems of forecasting and regulating the
ground water level in the territory under development. The problems of forecasting and regulating
the level of ground water, the content of moisture and salt in the soil of the soil in the reclaimed
territory, modeling of various biological processes and phenomena lead to a class of differential and
integro-differential equations, called loaded equations. Loaded equations also arise in the theory of
inverse problems and the mathematical theory of optimal processes. Therefore, the study of
boundary value problems for partial differential equations, and, in particular, for locally and
nonlocally loaded second-order equations of the parabolic type, is of considerable theoretical and
practical interest. Problems related to the process of underground water filtration belong to boundary
value problems for differential equations of mainly parabolic type. In the case of a complex structure
of the aquifer, the calculation scheme is presented as a set of layers, the mathematical model of
which is a system of two-dimensional equations, since aquifers in a complex thickness have, as a
rule, non-compatible pressures. It is assumed that horizontal filtration takes place in well-conducting
layers, and vertical filtration, which causes the flow between layers, occurs in the interlayers.
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